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The maximum number of pairwise disjoint transitive triple systems (T'I'Ss) of order n is 
3(n - 2). Such a collection is called a large set of pairwise disjoint TI'Ss of order n. The main 
result in this paper is the proof of the following theorem: If n - 1 or 5 (rood 6), and there exists 
a large set of pairwise disjoint TI'Ss of order 2 + v, then there -exists a large set of pairwise 
disjoint TI'Ss of order 2 + vn. Two consequences of this result are the existence of a large set 
of pairwise disjoint TI'Ss of every odd admissible order and the existence of a large set of 
pairwise disjoint TI'Ss of every admissible order ~1000, except possibly 130 and 258. 
1. Introduction 
This paper is a sequel to a previous paper by the author and Anne Street [4]. In 
what follows, an ordered pair will always be an ordered pair (x, y) where x d:y. A 
transitive triple is a collection of three ordered pairs of the form 
{(a, b), (b, c), (a, c)}, which we will always denote by (a, b, c). A transitive triple 
system (TI'S) is a pair (S, T) where S is a set containing v elements and T is a 
collection of transitive triples of elements of S such that every ordered pair of 
distinct elements of S belongs to exactly one transitive triple of T. The number 
[SI = v is called the order of the TI'S (S, T) and it is well-known that the 
spectrum for T'I'Ss is the set of all v = 0 or 1 (mod 3). Further, it is a trivial 
exercise to see that if (S, T) is a "ITS of order v, then ITI -  v(v - 1). 
Now, if S is a set of size v and T(S) is the set of all transitive triples of S, then 
IT(S)I--v(v -1)(v-  2). In view of the fact that a TI'S of order v is equipped 
with ½v(v - 1) transitive triples, the following problem is of interest: Given a set S 
of size v-= 0 or 1 (mod 3), is it always possible to partition T(S) (the set of all 
transitive triples of S ) in to  3 (v -  2) subsets T~, T2, . . . ,  T30,-2) so that each of 
(S, T~), (S, T2) , . . . ,  (S, T3<~_2)) is a TI'S? Such a collection is called a large set of 
pairwise disjoint TI'Ss of order v. 
For example, the six TTSs of order 4 listed below is a large set of pairwise 
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disjoint q~FSs of order 4: 
r~= {0, 2, 
T2= {(1, 2, 
T3 = {(1, 3, 
T4= {(1, 3, 
T5 = {(1, 4, 
T6= {(1, 4, 
3), (3, 4, 2), (2, 
4), (4, 3, 2), (2, 
4), (4, 2, 3), (3, 
2), (2, 4, 3), (3, 
3), (3, 2, 4), (4, 
2), (2, 3, 4), (4, 
1, 4), (4, 3, 1)), 
1, 3), (3, 4, 1)), 
1, 2), (2, 4, 1)), 
1, 4), (4, 2, 1)}, 
1,2), (2, 3, 1)}, 
1, 3), (3, 2, 1)}. 
Barring the existence of a large set of pairwise disjoint TI'Ss of order v, we can 
ask for the largest positive integer D(v)  for which D(v)  pairwise disjoint TI'Ss of 
order v exist. In [4] the author and Anne Street proved that D(3v) t> 6v + D(v)  
and D(3v + 1) I> 6v + D(v + 1) for all v I> 2 where, of course, D(v)  and D(v + 1) 
are zero whenever v or v + 1 ~ 2 (mod 3), respectively. This result incorporated 
with a few other results (see [4] for details) produces a large set of pairwise 
disjoint TI~s of order v for every admissible v ~< 100, except for v = 22, 24, 40, 
42, 58, 60, 64, 66, 70, 72, 76, 78, 85, 94, and 96. So, to date, the smallest order v 
for which a large set is in doubt is v = 22. 
The object of this paper is to substantially improve the known spectrum for 
large sets of pairwise disjoint TI'Ss. Among other things, the results in this paper 
produce a large set of pairwise disjoint TI'Ss of every admissible odd order as well 
as every admissible v ~< 1000, except for v = 130 and 258. 
We remark that an extensive amount of work has been done on the "large set 
problem" for other combinatorial designs. (Steiner triple systems for example.) 
However, instead of going into a history of the general problem, we refer the 
reader to the references listed at the end of this paper, as well as to the references 
in these works. 
2. The 2 + n construction 
Let n - 1 or 5 (mod 6) and set 7_,. = {0, 1, 2 , . . . ,  n - 1}. Let d be any element 
in Zn and define a binary operation "o"  on Z. by: x oy =z  if and only if 
x + y + z ~- d (rood n). Then (Zn, °) has the following properties: 
(1) It is a totally symmetric quasigroup, 
(2) It has exactly one idempotent, namely ~d (mod n), and 
(3) {x °x lall x ~: ~d} = z.\{13a}. 
Property (3) partitions Z.k{13d} into pairwise disjoint cycles (xl, x2, x3 , . . . ,  x,) 
defined by xxoxl =x2, x2°x2 =x3, • • •, x, ox, =xx. Since n =- 1 or 5 (mod 6), the 
length of each cycle is at least 4. This is important in what follows. 
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Now let a and b be distinct symbols not in Z,, and for each x ~ Z,,\{13d} set 
where 
a(x) = {(a, x, y), (x, y, a), (y, a, x)} and 
b(x) = {(x, b, y), (b, y, x), (y, x, b)}, 
x o x = y. Further set 
al(x) = (a, x, y), a2(x) = (y, a, x), a3(x) = (x, y, a), 
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and 
bl(x) = (b, y, x), b2(x) = (x, b, y), b3(x) = (y, x, b). 
Let C = (Xl, x2, • • •, xt) be a cycle and define three collections C1, C2, and Ca of 
transitive triples as follows: 
(1) I f  t is even: 
C1= {al(x0, a3(x2), a l (x3) , . . . ,  a3(x,)} (alternate between al(x) and a3(x)) 
13 {bl(xO, b3(x2), bl(x3), • • •, b3(xt)} (alternate between bl(x) and b3(x)), 
C2 = {a2(xl), a2(x2), a2(x3), . . . , a2(x,)} (all a2(x)) 
13 {bE(X1), b2(x2), bE(X3), . .  •, bE(Xt)} (all b2(x)), 
C3 = {a3(xx), al(x2), a3(x3), • • • , al(xt)} (alternate between aa(x) and al(x)) 
13 {ba(Xl), bl(X2), b3(x3), • • •, bl(xt)} (alternate between b3(x) and bl(x)). 
(2) I f  t is odd: We consider two cases 
(a) t= 5. 
(71 = (al(xl),  a3(x2), a2(x3), al(x4), a3(x5)} U {bx(xl), ba(x2), bE(X3), bl(x4), b3(x5)}, 
C2 = {a2(xl), a2(x2), ax(x3), a3(x4), a2(x5)} t.J (b2(x0, b2(x2), bl(x3), b3(x4), b2(x5)}, 
C3 = {a3(xl), al(x2), a3(x3), a2(x4), al(x5)} U {ba(xl), bl(x2), b3(x3), b2(x4), bl(x5)}. 
(b) t I> 7. In this case, write 
C = (x1,  x2 ,  x3,  x4,  Xs ,  Y6, YT, • • • , Y,)- 
c1 = {al(x0, a3(x2), a2(x3), al(x,), a3(xs)) 
LI {al(y6), aa(Y7), a l (y8) , . . . ,  al(yt-1), a3(y,)} 
(alternate between al(y)  and a3(y)) 
13 {b (xO, b3(x2), b (x3), b,(xs)) 
13 {b~(y6), b3(yT), b~(y8) , . . . ,  b~(y,_l), b3(y,)} 
(alternate between bl(y) and 
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C~ {a2(xx), a2(x2), ax(x3), a3(x4), a2(xs)} 
LI {a2(Y6), a2(Y7), a2(Ys),..., a2(y)} (all a2(y)) 
U {b~(xO, b~(x~), b~(x~), b3(x,), b~(x~)} 
13 (bE(Y6), b2(Y7), bE(ys),..., bE(Yt)} (all bE(y)), 
Ca= {a3(xa), al(xz), a3(x3), a2(x4), al(xs)} 
U {a3(Y6), al(y7), a3(ys), • • •, a3(Yt-x), al(Yt)} 
(alternate between a3(y) and al(y)) 
t.J {ba(x,), bx(x2), b3(x3), bE(X4), ba(xs)} 
t3 {b3(Y6), bl(yT), ba(y8), . . . ,  ba(yt-,), b,(y,)} 
(alternate between b3(y) and bl(y)). 
Now, regardless of how C~, C2, and (?3 are defined, the following is true: 
(1) Each of C1, C2, and C3 is a partial TIX3, 
(2) C1, Gz, and C3 are pairwise disjoint, 
(3) For each xi and each Ck, each of the edges (a, xi), (xi, a), (b, xi), (xi, b), 
(xi, x/+l), and (Xi+l, xi) belongs to some transitive triple in Ck, and 
(4) C113 C2 O Ca = a(x 0 O a(x2) 13--- O a(x,) t3 b(xl) O b(x2) 0 - - .  U b(x,). 
In what follows, the partial TrSs C1, C2, and Ca will be called a separation of 
the cycle C. Let :r = {C ~, C2 , . . . ,  C k} be the partition of Z,\{~d} into cycles, 
and for each cycle Cie ar denote by C~, C~, and C/3 the separation of C ~ into 
pairwise disjoint partial TrSs. Set CO, d) = C] 13 C 2 O C 313--. LI C k, j = 1, 2, 3. 
Then the following is true: 
(1) C(1, d), C(2, d), and C(3, d) are pairwise disjoint partial TTSs, 
(2) For each x e Z,\{~d} and each C(k, d), each of the edges (a, x), (x, a), 
(b, x), and (x, b) belongs to some transitive triple in C(k, d), 
(3) For each x:/:yeZ,\{X3d} such that either xox=y or yoy=x and each 
C(k, d), each of the edges (x, y) and (y, x) belongs to some transitive triple 
of C(k, d), and 
(4) C(1, d) LI C(2, d) 13 C(3, d) = [..J a(x) 13 b(x), all x e Zn\{X3d}. 
In what follows, we will call C(1, d), C(2, d), and C(3, d) a separation of 
(Z~\{~d}, o). It is extremely important o note that the edge (x, y), x #:y e Z,, 
belongs to a transitive triple in each of C(1, d), C(2, d), and C(3, d) if and only if 
either x ox =y or y oy =x. 
Denote by T(d) the set of all triples {x, y, z} such that x, y, and z are distinct 
and x + y + z --- d (rood n). Then 
(1) T(d) is a partial Steiner triple system, and 
(2) If x :/:y e Z~, either {x, y} is a subset of a triple of T(d), or the edges (x, y) 
and (y, x) belong to a transitive triple in each of C(1, d), C(2, d), and 
C(3, d). But not both. 
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The 2 + n construction. Let n-=-1 or 5 (mod 6) and let (Z~, 0) be defined as 
above. Denote by C(1, d), C(2, d), and C(3, d) the separation of (Z~\{~d}, o)
and by T(d) the set of all triples {x, y, z} such that x, y, and z are distinct and 
x + y + z -= d (mod n). For each triple t e T(d) denote by t(1, d), t(2, d), and 
t(3, d) a large set of pairwise disjoint "I'TSs defined on t, and for each k e {1, 2, 3} 
set 
T(k, d)= U t(k, d), all t ~ T(d). 
Finally, denote by L(1, d), L(2, d), and L(3, d) a large set of pairwise disjoint 
TTSs defined on {a, b, i3d}, where {a, b} tq Z, = 0. Now set S = {a, b} U Z. and 
define three collections A(1, d), A(2, d ) ;  and A(3, d) of transitive triples by 
A(k, d) = L(k, d) 13 C(k, d) 13 T(k, d). 
It is immediate that (S, A(1, d)), (S, A(2, d)), and (S, A(3, d)) are pairwise 
disjoint TTSs of order 2 + n. 
Lemma 2.1. There is a large set of pairwise disjoint TTSs of order 2 + n for every 
n =- 1 or 5 (mod 6). 
Proof. For each d eZn define three pairwise disjoint TYSs (S,A(1, d)), 
(S, A(2, d)), and (S, A(3, d)) as above. We must show that if d ! #: d2 e Zn then 
A(kl, dl) tq A(k2, d2) = 0 for any kl, k2 e {!, 2, 3}. 
Since L(kl, dx) is defined on {a, b, ~dl} and L(k2, d2) is defined on {a, b, ~d2}, 
L(kl, dl)AL(k2, d2)=~t. Now suppose tl is a transitive triple in C(kl, dl) 
defined on {a, x, y} and t2 is a transitive triple in C(k2, d2) defined on {a, x, y}. 
Since tl e C(kl, dl), either x°lx =y or yoly =x (°1 is defined by dl). We can 
suppose xolx = y. This forces Y°2Y = x (°2 is defined by d2). Hence h e {(a, x, y), 
(x,y,a), (y,a,x)} and t2e{(a,y,x),  (y,x,a), (x,a,y)}. It follows that t l~t2 
and so C(k~, dl) A C(k2, d2) = 0. The same argument is true, of course, if tx and 
t2 are defined on {b, x, y}. Finally, since dR ~ d2, T(dl) tq T(d2) = 0 implies 
T(kl, dl) A T(k2, d2) = 0. It follows that A(kl, d~) rl A(k2, d2) = 0, which com- 
pletes the proof. [] 
Corollary 2.2. There exists a large set of pairwise disjoint TTSs of every admissible 
odd order. 
Proof. If v = 2 + n --- 0 or 1 (mod 3) and v is odd, then n - 1 or 5 (mod 6). [] 
3. The 2 + vn construction, v ~ 2 
In order to generalize the 2 + n construction, we will need the following piece 
of machinery, first developed in [4]. Let (Q, o) be an idempotent quasigroup and 
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for each ordered pair (i, j), i ~ j  e Z,, define a collection Q(i, j) of transitive 
triples of Q x {i, j} as follows: for each ordered pair (x, y), x #:y • Q, let q(x, y) 
be the three transitive triples defined by q(x, y)= {((x, i), (y, i), (xoy, j)), 
((x, i), (x oy, j), (y, i)), ((x oy, j), (x, i), (y, i))} and set 
Q( i , j )=Uq(x ,y ) ,  allx ~y  • Q. 
The quasigroup (Q, o) is said to be transitive provided that Q(i,j) can be 
partitioned into three partial TI'Ss Ql(i, j), Q2(i, j), and Qa(i, j) such that: 
(1) The three transitive triples in each q(x, y) belong to different Q"(i, j)s, and 
(2) if x ~ y • Q, each of the edges ((x, i), (y, j)) and ((y, j), (x, i)) belongs to a 
transitive triple in each of Ql(i, j), Q2(i, j), and Q3(i, j). 
The partial TI'Ss Qi(i, j), Q2(i, j), and Q3(i, j) will be called a separation of 
Q(i, j). The proof of the following lemma can be found in [5]. 
Lemma 3.1. Every idempotent quasigroup is transitive. 
The 2 + vn  eonstrnetion, v ~ 2. Let n- -1  or 5 (mod 6) and let (Z,, o) be defined 
as in the 2 + n construction. Let (Q, o) be an idempotent quasigroup of order v 
and tra cycle of length v on Q. For each x • Q, denote by C(1, x), C(2, x), and 
C(3, x) a separation of (Z.\{i3d}, o) defined on {x} x (Z,\(i3d}). If t is a transitive 
triple belonging C(u,x) based on {a, (x, i), (x, j)} or {b, (x,i), (x, j)} where 
i o i = j, we will denote by ttr k the transitive triple obtained from t by replacing 
(x, j) with (x~,  j). Set C(u, x)tr k = {tol k It ~ C(u, x)} and C(u)a ,k = 
[..J C(u, x)tr k, all x ~ Q. Let Ql(i, j), Q2(i, j), and Q3(i, j) be any separation of 
Q(i, j), where i oi =j  and denote by Q"(i, j)a "k the collection of transitive triples 
obtained by replacing (x, j) with (xtr k, ]) in each transitive triple of Q"(i, j). Set 
Q(u)trk=UQ"( i ,  j)a "k, all (i, j) such that io i=j.  For each t= {i, j, p} • T(d), 
i < j  <p,  and any x,y e Q, let h(x, y)oc k, t2(x, y)o: k, and t3(x, y)tr k be a large 
set of pairwise disjoint TTSs based on {(x, i), (y, j), ((xoy)a~, p)} and 
set T,(d)a "k=t..Jt.(x,y)o~, all t•T (d)  and all x, ye  Q. Finally, let 
{L(1, k), L(2, k), L(3, k)}, k = 1, 2 , . . . ,  v, be a large set of pairwise disjoint 
T~s  defined on {a, b} u (Q x {i3d}). As before, set S = {a, b} tg(Q x Z,) and 
define 3v collections A(u, k, d), u e {1, 2, 3}, k e {1, 2, 3 , . . . ,  v}, of transitive 
triples by: 
A(u, k, d) = L(u, k) t3 C(u)a ,k U Q(u)o: u T,,(d)a "g. 
It is straight forward to see that each of (S, A(u, k, d)) is a TI'S and that the 3v 
TTSs constructed in this manner are pairwise disjoint. 
I~mma 3.2. I f  there exists a large set of pairwise disjoint TTSs of order 
2 + v, v ~ 2, and n---1 or 5 (mod 6), then there exists a large set of pairwise 
disjoint TTSs of order 2 + on. 
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Proof. For each d e Zn define 3v pairwise disjoint "l~I'Ss A(u, k, d), u ~ {1, 2, 3}, 
k e{1 ,2 ,3 , . . . , v} ,  as above. We must show that if dt#:d2eZ,, then 
A(ul, kt, dl) tq A(u2, k2, d2) = tJ for any ul, u2 e {1, 2, 3} and any kt, k2 e 
{1 ,2 , . . . ,  v}. 
Since L(ut, kt) is defined on {a, b} U (Q x {~dt}) and L(u2, k2) is defined on 
{a, b} U(Q x {~d2}), it follows that L(ut, kl)NL(u2, k2) = t~. 
Let tt be a transitive triple in C(ul)a "k' defined on {a, (x, i), (y, j)} and t2 a 
transitive triple in C(u2)a'k2 defined on {a, (x, i), (y, ])}. Since tte C(Ul)a "kl, 
either ioti= j or jotj=i (ol is defined by d 0. We can suppose that ioli=j. 
This forces jo2j=i (°2 is defined by dE). Hence y =xo: kl and x =ytr k2 
and so tl e {(a, (x, i), (xa A~, j)), ((x, i), (xa ,kl, j), a), ((xa ~,  j), a, (x, i))} 
and t2 e {(a, (y, j), (ya ~2, i)), ((y, j), (yGk2, i), a), ((ytr k2, i), a, (y, i))}. Hence 
C(ul)ol  k' r"l C(u2)o[ k2 ..- ~. 
Finally, since died2, T(dl)NT(d2)=fJ, which immediately implies 
T,,,(d)o~' Ci T,,2(d)o;k~ = fJ. 
Combining the above results completes the proof. [] 
4. The 2 + 2n construction 
There does not exist, of course, an idempotent quasigroup of order 2, and so 
we will have to handle the case of 2 + 2n separately. It turns out not to be a 
particularly difficult undertaking. 
Let Q -- {1, 2} and for each x ~ Z, , \{~d} such that x ox =y  set 
Al(x) = {(a, (1, x), (1, y)), (a, (2, x), (2, y)), (b, (2, x), (1, y)), 
(b, (1, x), (2, y)), ((1, y), (1, x), (2, x)), ((2, y), (2, x), (1, x))}, 
A2(x) -" {((1, y), a, (1, x)), ((2, y), a, (2, x)), ((1, y), b, (2, x)), 
((2, y), b, (1, x)), ((1, x), (2, x), (1, y)), ((2, x), (1, x), (2, y))}, 
and 
A3(x) = {(1, x), (1, y), a), ((2, x), (2, y), a), ((1, y), (2, x), b), 
((2, y), (1, x), b), ((2, x), (1, y), (1, x)), ((1, x), (2, y), (2, x))}. 
Let C = (xl, x2, • •. ,  xt) be a cycle, and define three collections C1, C2, and C~ 
of transitive triples as follows: 
(1) f f  t is even 
Cl -- AI(Xl) U A3(x2) U ml(x3) U ' - -  U A3(x,) 
(alternate between At(x) and A3(x)), 
C 2 -- m2(x1) U a2(x2) U m2(x3) U . - -U  a2(xt)  (all A2(x)) ,
and 
c2 = u a , (x9  u - - .  u A,(x,) 
(alternate between A3(x ) and Al(x)). 
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(2) I f  t is odd. We consider two cases 
(a) t=  5. 
Ca = Aa(xl) tO AD(x2) tO A2(xD) tO Al(X4) tO AD(Xs) = A15, 
Ca = A2(xa) tO A2(x2) tO Al(XD) tO AD(X4) tO A2(x5) = A25, 
and 
(73 = AD(xa) to Aa(x2) O AD(XD) tO m2(x4) tO A,(xs) = A35. 
(b) t~>7. 
C~ = A15 U Aa(x6) tO AD(x7) tO"" tO AD(xt), 
from x6 to x, alternate between A~(x) and AD(X); 
Ca = A25 to Az(x6) tO A2(XT) tO... tO A2(x,), from x6 to x, all A2(x); 
and 
C3 = A35 U AD(X6) to Al(x7) 13-.. to Al(Xt), 
from x6 to xt alternate between AD(x) and Al(x). 
Define C(1, d), C(2, d), C(3, d); T(1, d), T(2, d), T(3, d) as in the 2 + n 
construction and denote by L(1, d), L(2, d), L(3, d), L(4, d), L(5, d), and 
L(6, d) a large set of pairwise disjoint TrSs defined on {a, b, (1, 13d), (2, ½d)}. 
Let 0c = (12) and define C(u)ec and T,,(d)ol as in the 2 + vn construction. Then 
A(1, d) = L(1, d) O C(1) O T~(d), A(2, d) = L(2, d) to C(2) O T2(d), A(3, d) = 
L(3, d) tO C(3) to TD(d), A(4, d) = L(4, d) t.J C(1)a~ to Tl(d)a:, A(5, d) = L(5, d) t.J 
C(2)a: to Tz(d)a:, A(6, d) = L(6, d) O C(3)o: to TD(d)o~ are six pairwise disjoint 
TI'Ss. 
Lemma 4.1. I f  n =- 1 or 5 (mod 6) there exists a large set of pairwise disjoint TTSs 
of order 2 + 2n. 
Proof. For each d eZn, define 6 pairwise disjoint TrSs A(1, d), A(2, d), 
A(3, d), A(4, d), A(5, d), and A(6, d) as above. If dl :/: d2 E Zn, a proof 
analogous to the proof in Lemma 3.1 shows that A(i, dl) fq A(j, d2) = 0. [] 
5. The main result 
Combining Lemmas 2.1, 3.2, and 4.1 gives the following theorem. 
Theorem 5.1. I f  n -- 1 or 5 (rood 6), and there exists a large set of pairwise disjoint 
TTSs of order 2 + v, then there exists a large set of pairwise disjoint TTSs of order 
2+ vn. 
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Corollary 5.2. There exists a large set of pairwise disjoint TTSs of every admissible 
order v <<- 1000, except possibly v = 130 or  258. 
Proof. To begin with, there is a large set of pairwise disjoint TI'Ss of order v for 
v = 4, 6, 10, 18, 34, and 66 [4]. Now assume v :/: 130 or 258, v ~ 1000, and that 
there exists a large set of pairwise disjoint TI'Ss of order u for every admissible 
u < v and u :/: 130 or 258. There are two cases to consider. 
(1) v = 3n 
If n - 0 or I (rood 3) and n 6:130 or 258, then D(3n) >t 6n + D(n) = 6n + 3(n - 
2) = 9n - 6 = 3(3n - 2). If n = 130, then 390 = 2 + 4- 97; whereas if n= 258, then 
774 = 2 + 4- 193. In either case, Theorem 5.1 gives a large set. If n = 3k + 2, then 
3(3k+2)=9k+6=2+2 ~. (m-=l  or 5(mod6)) .  If re=l ,  then 2+2 ~=3,  4, 
10, 18, 34, 66, 130, 258, or 514. Since 514= 3. 171+ 1, and a large set of 
pairwise disjoint TI'Ss of order 172 exists, there exists a large set of pairwise 
disjoint TI'Ss of order 514. Hence I30 and 258 are the only exceptions in the 
above list. If m >/5, then 2 + 2 ~ = 3, 4, 10, 18, 34, 66, or 130. If 2 + 2 ~ = 3, 4, 10, 
18, 34, or 66, use Theorem 5.1. If 2 + 2 ~ = 130, write 2 + 128- 5 = 642 = 3. 214 or 
2 + 128.7 = 898 = 3. 299 + 1. Since large sets of pairwise disjoint TI'Ss of order 
214 and 300 exist, large sets of pairwise disjoint TI'Ss of order 642 and 898 exist. 
(2) v = 3n + 1 
An argument analogous to the v = 3n case works without difficulty. 
Combining the above cases completes the proof. [] 
6. Remarks 
The use of 1000 in Corollary 5.2 is, of course, arbitrary. We could have just as 
well used 10000, with more exceptions of course. The use of 1000 illustrates two 
things: 
(1) The results in this paper dramatically improve the known spectrum of large 
sets of pairwise disjoint TI'Ss, and 
(2) all that remains for a complete solution of this problem is a construction for 
large sets of pairwise disjoint TI'Ss of every order 2 + 2 ~. 
The author has struggled valiantly in an attempt to produce a 2+2 ~ 
construction. So far, no luck! 
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